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Using functional renormalization group methods, we study an effective low-energy model describ-
ing the Ising-nematic quantum critical point in two-dimensional metals. We treat both gapless
fermionic and bosonic degrees of freedom on equal footing and explicitly calculate the momentum
and frequency dependent effective interaction between the fermions mediated by the bosonic fluctu-
ations. Following earlier work by S.-S. Lee for a one-patch model, Metlitski and Sachdev [Phys. Rev.
B 82, 075127] recently found within a field-theoretical approach that certain three-loop diagrams
strongly modify the one-loop results, and that the conventional 1/N expansion breaks down in this
problem. We show that the singular three-loop diagrams considered by Metlitski and Sachdev are
included in a rather simple truncation of the functional renormalization group flow equations for
this model involving only irreducible vertices with two and three external legs. Our approximate
solution of these flow equations explicitly yields the vertex corrections of this problem and allows
us to calculate the anomalous dimension ηψ of the fermion field.
PACS numbers: 05.30.Rt, 71-10.Hf, 71.27.+a
I. INTRODUCTION
Inspired by the puzzling normal-state properties of
the copper-oxide superconductors, the search for possi-
ble non-Fermi liquid states of metals continues to be a
central topic in the theory of strongly correlated elec-
trons. An interesting new clue toward an understanding
of the cuprates and other materials comes from exper-
iments on a variety of materials, indicating a nematic
phase transition.1–7 This is a quantum phase transition
which, while preserving translational symmetry, breaks
the lattice rotational symmetry from square to rectan-
gular, i.e., the invariance under rotations of the system
in the x-y plane by 90◦ is lost. At the quantum criti-
cal point, electrons couple strongly to order parameter
fluctuations, leading to a destruction of the Fermi liquid
state. The resulting distortion of the Fermi surface is
also referred to as a Pomeranchuk transition.8,9
The conventional theoretical approach to quantum
critical phenomena is the so-called Hertz-Millis approach,
where the interaction between electrons is decoupled via
a (bosonic) Hubbard-Stratonovich transformation and
the fermionic degrees of freedom are integrated out.10–13
However, as in the metallic state the electrons are gapless,
this approach usually leads to singular vertices, which es-
pecially in low dimensions need to be treated with care.
It can therefore be advantageous not to integrate out the
fermions at all.
As concerns the nematic phase transition, the most ef-
fective scattering processes of electrons take place when
the momentum of the bosons is locally almost tangential
to the Fermi surface. The phase transition can therefore
be modeled by coupling electrons in the vicinity of two
patches of a Fermi surface to a gapless scalar Ising order
parameter field. Indeed, the coupling of gapless fermions
to gapless bosonic fluctuations is known to give rise to
non-Fermi liquid behavior.13,14 The corresponding field
theory is very similar to a nonrelativistic gauge theory,
which has been studied intensively,15–17 starting with the
important work by Holstein, Norton, and Pincus.15 Such
gauge theories have applications in a number of different
problems, such as the description of the half-filled Landau
level,18 the description of spin liquids in terms of spinons
which can form a critical spinon Fermi surface,19,20 or the
description of the instability of a ferromagnetic quantum
critical point.21 Similar gauge theories have also been
used to describe fermions on a honeycomb lattice inter-
acting through an electromagnetic gauge field.22,23 In all
cases, the low-energy behavior is expected to be described
by a scale-invariant scaling theory. The single-particle
Green function G(ω,k) was calculated24,25 for a spher-
ical Fermi surface within the random phase approxima-
tion (RPA), resulting in
G(ω + i0+,k) ∝ 1
Aω|ω|2/3 − ξk . (1.1)
Here, ω and k are the frequency and momentum of the
electron, Aω = A
′sgn (ω) + iA′′ is a complex constant
depending on the sign of ω, and ξk = vF (|k|−kF ), where
vF is the Fermi velocity and kF is the Fermi momentum,
denotes the single-particle excitation energy. While the
static part of the self-energy remains unrenormalized, its
dynamic part implies that both the renormalized energy
and damping rate of the electron scale in exactly the
same way. Consequently, there are no well-defined sharp
quasiparticles and Landau’s Fermi liquid theory breaks
down.
For a long time, it was thought that the above scenario
holds true when going beyond the RPA.26 It was believed
that this can be justified by considering the limit of large
N , where N is the number of fermion flavors. However,
it was recently shown by Lee27,28 that, even if one con-
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2FIG. 1. These three-loop diagrams have been identified by
Metlitski and Sachdev29,30 to give singular corrections to the
one-loop results for the bosonic and fermionic self-energies.
Solid arrows denote the fermionic single-particle Green func-
tions within the one-loop approximation, while wavy lines rep-
resent the RPA propagator of the bosonic fluctuations. The
black dot is the bare interaction vertex between one boson
and two fermion fields. The diagrams in (a) are three-loop
corrections to the fermionic self-energy, while those in (b) rep-
resent corrections to the bosonic self-energy of the so-called
Aslamazov-Larkin type.
siders only scattering processes in the vicinity of a sin-
gle patch of the Fermi surface, the coupling to a gapless
gauge field results in very strong correlations such that,
even in the large-N limit, the theory remains strongly
coupled. Subsequently, Metlitski and Sachdev29,30 con-
sidered a more realistic two-patch model where the two
patches of the Fermi surface to which a given bosonic
momentum is tangent are retained; they derived a scal-
ing theory and explicitly calculated corrections to the
bosonic and fermionic self-energies up to three loops, us-
ing the one-loop propagator in internal loop integrations.
Metlitski and Sachdev identified certain three-loop con-
tributions to the bosonic and fermionic self-energies (see
Fig. 1), which give rise to logarithmically divergent cor-
rections to the one-loop RPA results. Exponentiating
these logarithmic terms, they obtained the following ex-
pression for the retarded propagator of the fermions,
G(ω + i0+,k) ∝ 1[
Aω|ω|1/z − ξk
]1−ηψ/2 , (1.2)
where ηψ is the anomalous dimension of the fermion
field and z is the fermionic dynamic critical exponent.
Using scaling relations for the fermionic and bosonic
Green functions, Metlitski and Sachdev argued that the
fermionic dynamic exponent is given by z = zb/2, where
zb is the corresponding bosonic dynamic exponent. Their
explicit calculations29 show that zb = 3 is not renor-
malized by fluctuations up to three loops, implying that
z = 3/2 is correctly given by the one-loop approxima-
tion. On the other hand, for the fermionic anomalous
dimension, Metlitski and Sachdev obtain the finite re-
sult ηψ = 0.068 at the Ising-nematic transition, whereas
ηψ = 0 within the one-loop approximation.
On a technical level, the reason for the breakdown of
the large-N expansion can be traced back to the fact
that the curvature of the fermion propagator comes with
a factor of N . This in combination with a cancellation
of the curvature in a set of planar diagrams eventually
leads to the breakdown of the large-N expansion. In the
words of Chubukov,31 there is hidden one-dimensionality
in two-dimensional systems.
Albeit 1/N can not be used as a control parameter, it
was suggested by Mross et al.,32 following earlier work at
finite N by Nayak and Wilczek,33 to use zb as a tunable
parameter. In this case it is possible to consider the lim-
its N → ∞ and zb − 2 → 0 while keeping the product
N(zb − 2) finite to bring the calculation under control.
Using a tunable zb is a sensible strategy because a non-
local interaction is not expected to be renormalized. Ex-
trapolating the results obtained by Mross et al.32 to the
physically relevant case zb = 3 and N = 2, one obtains
for the anomalous dimension of the fermion field ηψ ≈ 0.6
(using our definition (1.2) of ηψ). Obviously, this value
is much larger than the estimate ηψ ≈ 0.068 by Metlitski
and Sachdev.29
Even though the calculations in Refs. 29 and 32 are
based on the field-theoretical renormalization group, the
fact that two independent calculations involving differ-
ent types of approximations produce different values for
ηψ shows that on a quantitative level there are still open
questions. Due to the sign problem in quantum Monte
Carlo calculations and the fact that dynamical mean field
theory can essentially only predict mean field exponents,
the number of alternative methods to verify the correct-
ness of the anomalous scaling properties of the Ising-
nematic transition is limited. In this work, we study
this problem by means of the one-particle irreducible
implementation of the functional renormalization group
(FRG) method,34–37 which is a modern implementation
of the Wilsonian renormalization group idea. The flex-
ibility of FRG methods to deal with systems involving
both fermionic and bosonic fields has already been used
by several authors.38–44 In particular, in Refs. 40, 43, and
44 it has been shown that it can be advantageous to intro-
duce a cutoff parameter Λ which regularizes the infrared
divergences only in the momentum carried by the bosonic
field (the momentum-transfer cutoff scheme). We show
in this work that this cutoff scheme is also convenient to
study the nematic quantum critical point.
The rest of this work is organized as follows. After
introducing the model system and defining our notation
in Sec. II, we give in Sec. III the FRG flow equations for
the self-energies and vertex corrections in general form.
We also introduce the momentum-transfer cutoff scheme
and show that the singular three-loop diagrams shown
in Fig. 1 are contained in a rather simple truncation of
the hierarchy of FRG flow equations involving only irre-
ducible two-point and three-point vertices. In Sec. IV,
we show how to recover the known one-loop results for
the momentum- and frequency-dependent fermionic and
bosonic self-energies by integrating the FRG flow equa-
tions ignoring vertex corrections. In the main part of
this work, given in Sec. V, we consider the system of
FRG flow equations including vertex corrections. We ex-
plicitly calculate the effect of vertex corrections on the
value of the fermionic anomalous dimension, ηψ, to lead-
3ing order in the small parameter zb − 2. In the con-
cluding section VI, we summarize our results and discuss
some open problems. We have added two appendices
with more technical details. In Appendix A we derive
skeleton equations relating the purely bosonic two-point
and three-point functions to the fermionic propagators
and irreducible vertices. These skeleton equations are
useful to close the infinite hierarchy of FRG flow equa-
tions. Finally, in Appendix B, we explicitly evaluate the
symmetrized fermionic loop with three external bosonic
legs (the symmetrized three-loop vertex) for our model
system.
II. DEFINITION OF THE MODEL
We are interested in a minimal model describing
the coupling of electrons in the proximity of a two-
dimensional Fermi surface to a gapless scalar Bose field.
In particular, the bosonic field can describe the fluc-
tuations of a scalar order parameter near the onset of
a metallic Ising-nematic phase, such as a d-wave ne-
matic state in a two-dimensional square lattice, where
the point-group symmetry of the lattice is reduced from
square to rectangular. However, the gapless scalar Bose
field can also describe the fluctuations of an emergent
gauge field minimally coupled to a two-dimensional Fermi
surface. For example, this can be physically realized in a
system where a spin-liquid phase is described in terms of
fermionic degrees of freedom (spinons), thereby causing
the emergence of a U(1) gauge symmetry in the system:
The critical fluctuations near the onset of the spin-liquid
phase are then described by the coupling of the spinon
Fermi surface to the corresponding U(1) gauge field. The
general form of the action for our model can be written
as S = Sψ + Sφ + Sint, with
Sψ = −
∫
K
∑
σ
(iω − ξk)ψ¯KσψKσ, (2.1)
Sφ =
1
2
∫
K¯
(
ρ0 + ν˜0k¯
2
)
φ−K¯φK¯ , (2.2)
Sint =
∫
K¯
OˆK¯ [ψ¯, ψ]φ−K¯ , (2.3)
where ψ and φ denote two-dimensional Fermi and Bose
fields, respectively, and Oˆ[ψ¯, ψ] is a bilinear operator
in the fermion fields which has the same symmetry as
the order parameter field φ. In Eqs. (2.1)–(2.3), K =
(iω,k) denotes fermionic Matsubara frequency and two-
dimensional momentum, while K¯ = (iω¯, k¯) denotes the
corresponding bosonic quantities. The integration sym-
bols are defined by
∫
K
= (βV )−1
∑
ω
∑
k, and similarly
for the bosonic quantities, where β is the inverse tem-
perature and V is the volume. Throughout this work
it is understood that we eventually take the zero tem-
perature limit (β → ∞) and the infinite volume limit
(V → ∞). The index σ = 1, . . . , N labels N different
flavors of the fermion field. The fermionic energy dis-
persion ξk is defined relative to the Fermi energy F , i.e.
ξk = k−F , while, in the bosonic dispersion, ρ0 plays the
role of a mass (or gap) term which measures the distance
to the quantum critical point: At the quantum critical
point, ρ0 = 0, such that order parameter fluctuations
become gapless. The absence of higher-order terms in φ
and gradients of φ in the action defining our model can
be justified by a dimensional analysis, which shows that
such higher-order terms become irrelevant at the critical
point.
In the general form given in Eqs. (2.1)–(2.3), the action
of our model is still too complicated to be treated ana-
lytically with renormalization group or field-theoretical
methods. However, as pointed out by Metlitski and
Sachdev29 (see also Ref. 45), the relevant critical fluc-
tuations can be described by a simplified minimal action
involving only fermion fields with momenta close to two
opposite patches on the Fermi surface. The reason is
that the most singular scattering processes mediated by
a given bosonic mode with momentum k¯ involve only
fermions lying on patches of the Fermi surface which are
almost tangential to the bosonic momentum k¯. The sit-
uation is shown graphically in Fig. 2, where the label
α = ±1 denotes the two patches of the Fermi surface
which are tangential to a given bosonic mode with mo-
mentum parallel to k⊥ in the figure. In order to describe
the singular behavior of the fermionic and bosonic Green
functions at the critical point we can therefore restrict
the general model involving fermions on the whole Fermi
surface to a so-called two-patch model, characterized by
the following Euclidean action:
Spatches[ψ¯, ψ, φ] = S0[ψ¯, ψ] + S0[φ] + S1[ψ¯, ψ, φ], (2.4)
S0[ψ¯, ψ] = −
∫
K
∑
α,σ
(iω − ξαk )ψ¯αKσψαKσ, (2.5)
S0[φ] =
1
2
∫
K¯
f−1
k¯
φ−K¯φK¯ , (2.6)
S1[ψ¯, ψ, φ] =
∫
K1
∫
K2
∫
K¯3
∑
α,σ
δK1,K2+K¯3
×Γψ¯αψαφ0 (K1;K2; K¯3)ψ¯αK1σψαK2σφK¯3 . (2.7)
In the above expressions the fermion fields are now char-
acterized by an additional upper index α = ±1 labeling
the two patches on the Fermi surface centered at the two
opposite momenta kαF = αkF , as shown in Fig. 2. By
construction, the momenta of the fields characterizing
the two-patch model are intended to lie in the vicinity
of the Fermi momenta kαF , so that |k‖| and |k⊥| (the
momenta relative to the Fermi momenta, as shown in
Fig. 2) should be much smaller than |kF |. In particular,
one should impose a cutoff, Λ⊥ ∼ kF∆θ on the momenta
perpendicular to the Fermi surface normal, where ∆θ is
the angular extension of the patch. However, as long as
integrals over such momenta turn out to be ultraviolet
convergent, we can effectively send this cutoff to infinity
4FIG. 2. The two-patch model considered in this work involves
only two types of fermion fields with momenta close to two
opposite patches on the Fermi surface centered at ±kF . The
fermionic momenta are measured locally with respect to ±kF .
We define k‖ as the component of the momentum parallel to
the local Fermi surface normal, and k⊥ as the component
orthogonal to the surface normal.
without affecting the low-energy critical behavior of our
theory.
The energy dispersion relative to the true Fermi energy
at patch α is assumed to be of the form
ξαk = kαF+k − kαF = vαF k‖ +
k2⊥
2m
= αvF k‖ +
k2⊥
2m
, (2.8)
where vF is the Fermi velocity, k‖ is the component of k
parallel to the local normal to the Fermi surface, and k⊥
is perpendicular to the local Fermi surface normal. In
the last equality of Eq. (2.8) we have used the fact that
the Fermi velocity has opposite sign at the two patches.
We normalize the bosonic field φK¯ such that the bare
fermion-boson interaction vertex Γψ¯
αψαφ
0 (K1;K2; K¯3)
is unity for the model describing the nematic quantum
phase transition (which we discuss in detail below), and
assumes the values α = ±1 for the gauge field model, i.e.,
Γψ¯
αψαφ
0 (K1;K2; K¯3) = Γ
α
0 =
{
1 (nematic model),
α (gauge model).
(2.9)
Finally, the coefficient of the quadratic term in the
bosonic part of the action is assumed to be of the form
f−1
k¯
= ρ0 + ν0
( |k¯⊥|
2mvF
)zb−1
, (2.10)
where ρ0 and ν0 are dimensionful constants with units
of mass. (Recall that in two dimensions, the density of
states also has units of mass.) We note that, for a non-
spherical Fermi surface, mvF does not necessarily equal
the Fermi momentum. For simplicity, in this work, we
do not keep track of the renormalization of ρ0 by fluctua-
tions, so that we may set ρ0 = 0 to describe the quantum
critical point. We assume that the bosonic dynamic ex-
ponent zb is in the range 2 < zb ≤ 3. To construct a
sensible limit of large N , the constants ρ0 and ν0 should
be proportional to N . However, according to Mross et
al.32 the limit of large-N can be safely taken only when
zb−2 is sent to zero simultaneously, such that the product
N(zb − 2) remains finite.
Although the FRG, unlike the field-theoretical renor-
malization group, does not rely on the presence of a
small expansion parameter (which indeed is not present
in the considered problem), it is convenient to express the
above action in terms of rescaled dimensionless momenta,
frequencies and fields, to carry out the renormalization
group procedure. A general discussion of proper scaling
in mixed Fermi-Bose systems can be found in Ref. 46.
Given an arbitrary momentum scale Λ, we define dimen-
sionless fermionic labels Q = (i, q‖, q⊥) by setting
k‖ =
Λ2
2mvF
q‖, (2.11a)
k⊥ = Λq⊥, (2.11b)
ω = 2mv2F
(
Λ
2mvF
)zb
 =
Λ2
2m
(
Λ
2mvF
)zb−2
.(2.11c)
The corresponding bosonic labels Q¯ = (i¯, q¯‖, q¯⊥) are de-
fined in precisely the same way:
k¯‖ =
Λ2
2mvF
q¯‖, (2.12a)
k¯⊥ = Λq¯⊥, (2.12b)
ω¯ = 2mv2F
(
Λ
2mvF
)zb
¯ =
Λ2
2m
(
Λ
2mvF
)zb−2
¯.(2.12c)
Introducing the rescaled dimensionless fields
ψαQσ = 4m
2v3F
(
Λ
2mvF
) zb+5
2
ψαKσ, (2.13)
φQ¯ = 4m
2v2F
(
Λ
2mvF
)zb+1
φK¯ , (2.14)
the Euclidean action of our model can be written as
S0[ψ¯, ψ] = −
∫
Q
∑
α,σ
(iζΛ− ξαq )ψ¯αQσψαQσ, (2.15)
S0[φ] =
1
2
∫
Q¯
(
rΛ + c0|q¯⊥|zb−1
)
φ−Q¯φQ¯, (2.16)
S1[ψ¯, ψ, φ] =
∫
Q1
∫
Q2
∫
Q¯3
∑
α,σ
δQ1,Q2+Q¯3
× Γψ¯αψαφ0 (Q1;Q2; Q¯3)ψ¯αQ1σψαQ2σφQ¯3 , (2.17)
where
ζΛ =
(
Λ
2mvF
)zb−2
, (2.18a)
ξαq = αq‖ + q
2
⊥, (2.18b)
rΛ =
ρ0
2m
(
Λ
2mvF
)1−zb
, (2.18c)
c0 =
ν0
2m
, (2.18d)
5and the mixed fermion-boson vertex is the same as before,
Γψ¯
αψαφ
0 (Q1;Q2; Q¯3) = Γ
ψ¯αψαφ
0 (K1;K2; K¯3) = Γ
α
0 .
(2.19)
If we use the expression ν0 = Nm/(2pi) for the den-
sity of states of free fermions in two dimensions, we have
c0 = N/(4pi). Consequently, setting rΛ → 0 to describe
the quantum critical point, our model does not depend
on any free parameters.
Our FRG procedure will generate also higher-order
purely bosonic contributions to the effective action,
which describe interactions between the boson fields, me-
diated by the fermions. In an expansion in powers of the
fields, the lowest-order interaction process is cubic in the
bosonic fields,
S3[φ] =
1
3!
∫
K¯1
∫
K¯2
∫
K¯3
δK¯1+K¯2+K¯3,0
×Γφφφ(K¯1, K¯2, K¯3)φK¯1φK¯2φK¯3
=
1
3!
∫
Q¯1
∫
Q¯2
∫
Q¯3
δQ¯1+Q¯2+Q¯3,0
×Γ˜φφφ(Q¯1, Q¯2, Q¯3)φQ¯1φQ¯2φQ¯3 , (2.20)
with
Γ˜φφφ(Q¯1, Q¯2, Q¯3) = v
2
F
(
Λ
2mvF
)3−zb
Γφφφ(K¯1, K¯2, K¯3).
(2.21)
Although for zb < 3 this vertex seems to be irrelevant
by power counting, it turns out that it has a singular
dependence on the external momenta and frequencies
and therefore cannot be neglected. Because, within our
bosonic momentum-transfer cutoff scheme, all vertices
involving only bosonic external legs are finite at the ini-
tial renormalization group scale,36,40 it is crucial to keep
track of the FRG flow of the vertex Γφφφ(K¯1, K¯2, K¯3).
In this work, we do this by means of a skeleton equation
relating Γφφφ(K¯1, K¯2, K¯3) to the symmetrized fermion
loop with three external bosonic legs and renormalized
fermionic propagators, as discussed in Appendix A. An
explicit evaluation of this vertex is given in Appendix B.
If we identify Λ with the renormalization group flow
parameter which is reduced under the renormalization
group procedure, the canonical dimensions of all quan-
tities explicitly appear in the FRG flow equations with
the above rescaling. To compare the FRG results with
perturbation theory, it is more convenient, however, not
to include the canonical dimensions into the definition of
the vertices. Therefore, we simply choose Λ = 2mvF in
the above expressions, so that ζΛ → 1 and rΛ → r0 =
ρ0/(2m). Renaming again Q → K, our bare action is
then the sum of the following three terms,
S0[ψ¯, ψ] = −
∫
K
∑
α,σ
(iω − ξαk )ψ¯αKσψαKσ, (2.22)
S0[φ] =
1
2
∫
K¯
(r0 + c0|k¯⊥|zb−1)φ−K¯φK¯ , (2.23)
S1[ψ¯, ψ, φ] =
∫
K1
∫
K2
∫
K¯3
∑
α,σ
δK1,K2+K¯3
× Γψ¯αψαφ0 (K1;K2; K¯3)ψ¯αK1σψαK2σφK¯3 , (2.24)
where now
ξαk = αk‖ + k
2
⊥, r0 =
ρ0
2m
, c0 =
ν0
2m
. (2.25)
The corresponding Gaussian propagators are
Gα0 (K) =
1
iω − ξαk
=
1
iω − αk‖ − k2⊥
, (2.26)
F0(K¯) = fk¯ =
1
r0 + c0|k¯⊥|zb−1
. (2.27)
This dimensionless parametrization of our model is what
is used in the following sections.
III. FRG FLOW EQUATIONS
The starting point of our calculation is the Wetterich
equation34,35 for the coupled Fermi-Bose model defined
above, which is an exact FRG flow equation for the gen-
erating functional ΓΛ[ψ¯, ψ, φ] of the one-line irreducible
vertices of our theory. This flow equation describes
the exact evolution of ΓΛ[ψ¯, ψ, φ] as some (now dimen-
sionless) cutoff parameter Λ is reduced. By expanding
ΓΛ[ψ¯, ψ, φ] in powers of the fields, we obtain an infinite
hierarchy of coupled integro-differential equations for the
one-line irreducible vertices of our model. This hierarchy
is formally exact, but, in practice, further approximations
are usually necessary in order to obtain explicit results
for the vertex functions (see Refs. 36 and 37 for recent re-
views). Moreover, the proper choice of the cutoff scheme
is also very important.
For our effective low-energy model discussed above, it
is, in principle, possible to introduce cutoffs in both the
bosonic and the fermionic sectors and regularize the in-
verse Gaussian propagators as follows:
[F0,Λ(K¯)]
−1 = f−1
k¯
+ R¯Λ(K¯), (3.1)
[Gα0,Λ(K)]
−1 = iω − ξαk −RΛ(K). (3.2)
For the calculations in the present problem, we find
it more convenient to introduce a sharp momentum-
transfer cutoff only in the bosonic sector. Using a sim-
ilar cutoff procedure, two of us were able to derive the
exact scaling behavior of the Tomonaga-Luttinger model
within an FRG approach.40 We therefore set RΛ(K) = 0
in the fermionic sector, and choose
R¯Λ(K¯) = f
−1
k¯
[
Θ−1(|k¯⊥| − Λ)− 1
]
(3.3)
6for the boson cutoff. This leads to the cutoff-dependent
bare Gaussian propagator
F0,Λ(K¯) = Θ(|k¯⊥| − Λ)fk¯, (3.4)
which vanishes for |k¯⊥| < Λ and equals fk¯ for |k¯⊥| > Λ.
As there is no cutoff function in the fermionic sector, all
purely fermionic loops already have non-vanishing initial
values at the beginning of the flow. We see explicitly be-
low that these are highly singular and need to be treated
with care.
The exact hierarchy of FRG flow equations for the one-
line irreducible vertices of our model can be obtained
as a special case of the general hierarchy of FRG flow
equations for mixed Bose-Fermi theories written down
in Refs. 36 and 40. For our purpose, it is sufficient to
consider a truncation of this hierarchy which generates,
after iteration (apart from many other diagrams), the im-
portant three-loop diagrams identified by Metlitski and
Sachdev,29 shown in Fig. 1. Our truncation is character-
ized by the following three points.
• On the right-hand side of the flow equations for the
fermionic and bosonic self-energies, retain only con-
tributions involving irreducible vertices with three
external legs.
• Renormalize all three-legged vertices by triangular
diagrams involving all combinations of three-legged
vertices.
• On the right-hand side of the flow equations for all
three-legged vertices, approximate the vertex with
one bosonic and two fermionic external legs by its
bare value.
Let us now explicitly give the corresponding FRG flow
equations. The fermionic self-energy Σα(K) and bosonic
self-energy Π(K¯) satisfy the flow equations
∂ΛΣ
α(K) =
∫
K¯
[
F˙ (K¯)Gα(K + K¯) + F (K¯)G˙α(K + K¯)
]
Γψ¯
αψαφ(K + K¯;K; K¯)Γψ¯
αψαφ(K;K + K¯;−K¯), (3.5)
∂ΛΠ(K¯) =
∫
K
∑
α,σ
[
G˙α(K)Gα(K + K¯) +Gα(K)G˙α(K + K¯)
]
Γψ¯
αψαφ(K + K¯;K; K¯)Γψ¯
αψαφ(K;K + K¯;−K¯)
−
∫
K¯′
F˙ (K¯ ′)F (K¯ ′ + K¯)Γφφφ(K¯, K¯ ′,−K¯ − K¯ ′)Γφφφ(−K¯,−K¯ ′, K¯ + K¯ ′), (3.6)
which are shown graphically in Fig. 3 for a general cutoff
scheme. Here the scale-dependent bosonic and fermionic
propagators are
F (K¯) =
1
[F0,Λ(K¯)]−1 + Π(K¯)
, (3.7)
Gα(K) =
1
[Gα0,Λ(K)]
−1 − Σα(K) , (3.8)
while the corresponding single-scale propagators are
F˙ (K¯) = −F 2(K¯)∂Λ[F0,Λ(K¯)]−1, (3.9)
G˙α(K) = −[Gα(K)]2∂Λ[Gα0,Λ(K)]−1. (3.10)
Note that in the momentum-transfer cutoff scheme
G˙α(K) = 0 such that we should omit all diagrams involv-
ing fermionic single-scale propagators. With a sharp cut-
off in the bosonic transverse momentum, the full bosonic
propagator is
FΛ(K¯) =
Θ(|k¯⊥| − Λ)
r0 + c0|k¯⊥|zb−1 + Θ(|k¯⊥| − Λ)ΠΛ(K¯)
, (3.11)
while the corresponding single-scale propagator is given
by
F˙Λ(K¯) = − δ(|k¯⊥| − Λ)
r0 + c0Λzb−1 + ΠΛ(K¯)
. (3.12)
The right-hand sides of Eqs. (3.5) and (3.6) also de-
pend on the one-line irreducible three-point vertex with
two fermionic and one bosonic external legs, Γψ¯
αψαφ(K+
K¯;K; K¯), and on the one-line irreducible three-point ver-
tex with three bosonic external legs, Γφφφ(K¯, K¯ ′,−K¯ −
K¯ ′), where the superscripts indicate the fields associated
with the energy-momentum labels. Within our trunca-
tion, the flow of Γψ¯
αψαφ is determined by the following
flow equation,
7FIG. 3. (Color online) (a) Graphical representation of the FRG flow equation (3.5) for the fermionic self-energy Σα(K), which is
represented by a shaded rectangle with one incoming arrow associated with ψαKσ, and one outgoing arrow associated with ψ¯
α
Kσ.
The shaded triangles represent the three-legged vertex Γψ¯
αψαφ(K+K¯;K; K¯) with two fermionic and one bosonic external legs.
The boson propagator is represented by a wavy line. The black dot above the rectangle denotes a derivative with respect to
the flow parameter, while the slashes attached to the propagators on the right-hand side denote the corresponding single-scale
propagators. (b) Graphical representation of the FRG flow equation (3.6) for the bosonic self-energy Π(K¯). The shaded circles
on the right-hand side represent the symmetrized bosonic three-point vertex. Note that, in the momentum-transfer cutoff
scheme, all diagrams with a slash on internal fermionic propagators should be omitted.
∂ΛΓ
ψ¯αψαφ(K + K¯;K; K¯) =
∫
K¯′
[
F˙ (K¯ ′)Gα(K + K¯ ′)Gα(K + K¯ + K¯ ′) + F (K¯ ′)G˙α(K + K¯ ′)Gα(K + K¯ + K¯ ′)
+F (K¯ ′)Gα(K + K¯ ′)G˙α(K + K¯ + K¯ ′)
]
Γψ¯
αψαφ(K + K¯ ′;K; K¯ ′)
×Γψ¯αψαφ(K + K¯;K + K¯ + K¯ ′;−K¯ ′)Γψ¯αψαφ(K + K¯ + K¯ ′;K + K¯ ′; K¯)
−
∫
K¯′
[
F˙ (K¯ ′)F (K¯ + K¯ ′)Gα(K + K¯ + K¯ ′) + F (K¯ ′)F˙ (K¯ + K¯ ′)Gα(K + K¯ + K¯ ′)
+F (K¯ ′)F (K¯ + K¯ ′)G˙α(K + K¯ + K¯ ′)
]
Γφφφ(−K¯ − K¯ ′, K¯, K¯ ′)
×Γψ¯αψαφ(K + K¯;K + K¯ + K¯ ′;−K¯ ′)Γψ¯αψαφ(K + K¯ + K¯ ′;K; K¯ + K¯ ′). (3.13)
A graphical representation of this flow equation is shown in Fig. 4. In the momentum-transfer cutoff scheme, we should
omit, again, all terms involving the fermionic single-scale propagator. Finally, the flow equation for the symmetrized
bosonic three-legged vertex is
∂ΛΓ
φφφ(K¯1, K¯2,−K¯1 − K¯2)
=
∫
K¯
[
F˙ (K¯)F (K¯ − K¯1)F (K¯ + K¯2) + F (K¯)F˙ (K¯ − K¯1)F (K¯ + K¯2) + F (K¯)F (K¯ − K¯1)F˙ (K¯ + K¯2)
]
×Γφφφ(K¯1, K¯ − K¯1,−K¯)Γφφφ(K¯2,−K¯ − K¯2, K¯)Γφφφ(−K¯1 − K¯2,−K¯ + K¯1, K¯ + K¯2)
+
∫
K
∑
α,σ
{[
G˙α(K)Gα(K + K¯1)G
α(K + K¯1 + K¯2) +G
α(K)G˙α(K + K¯1)G
α(K + K¯1 + K¯2)
+Gα(K)Gα(K + K¯1)G˙
α(K + K¯1 + K¯2)
]
Γψ¯
αψαφ(K + K¯1;K; K¯1)Γ
ψ¯αψαφ(K + K¯1 + K¯2;K + K¯1; K¯2)
×Γψ¯αψαφ(K;K + K¯1 + K¯2;−K¯1 − K¯2) + (K¯1 ↔ K¯2)
}
, (3.14)
which is shown graphically in Fig. 5.
If we ignore the vertex with three bosonic external legs,
the above system of FRG flow equations has already
been written down in Ref. 40 (see also Ref. 36). Al-
though the above flow equations involve only one-loop
integrations, the iterative solution of these equations gen-
erates higher-loop diagrams. In particular, the singular
three-loop diagrams shown in Fig. 1 are generated as fol-
lows: The Aslamazov-Larkin type of contribution to the
bosonic self-energy shown in Fig. 1 (b) is generated by
the last six diagrams on the right-hand side of the flow
equation for Γφφφ(K¯1, K¯2, K¯3) shown in Fig. 5 after in-
tegrating this flow equation over the flow parameter and
substituting the result into the right-hand side of the
flow equation for Π(K¯) shown in Fig. 3 (b). The singular
fermionic three-loop diagram in Fig. 1 (a) is generated by
substituting the same contribution to Γφφφ(K¯1, K¯2, K¯3)
into the flow equation for Γψ¯
αψαφ(K;K ′; K¯) shown in
Fig. 4. After integrating the resulting flow equation
8FIG. 4. (Color online) Graphical representation of the FRG flow equation (3.13) for the three-legged vertex Γψ¯
αψαφ(K;K′; K¯)
with two fermionic and one bosonic external legs.
FIG. 5. (Color online) Graphical representation of the FRG flow equation (3.14) for the three-legged boson vertex
Γφφφ(K¯1, K¯2, K¯3).
again over Λ and substituting the resulting vertex cor-
rection into the right-hand side of the flow equation for
Σα(K) shown in Fig. 3 (a), we generate the Metlitski-
Sachdev diagrams shown in Fig. 1 (a). In fact, there
are even further contributions, e.g. using the renor-
malized vertex Γψ¯
αψαφ
(
K;K ′; K¯
)
containing the vertex
Γφφφ(K¯1, K¯2, K¯3) as depicted in the second line of Fig. 4
also gives rise to an Aslamazov-Larkin contribution when
substituted into the diagram on the right-hand side of
Fig. 3 (b).
Although Eqs. (3.5)–(3.14) form a closed system of
integro-differential equations for the two-point and three-
point functions of our model, a direct numerical solu-
tion of these equations seems to be prohibitively diffi-
cult, so that further approximations are necessary. As
a first simplification, we use, below, truncated skele-
ton equations instead of the FRG flow equations (3.6)
and (3.14) to determine the bosonic self-energy Π(K¯)
and three-point vertex Γφφφ(K¯1, K¯2, K¯3). As discussed
in Appendix A, the Dyson-Schwinger equations of mo-
tion imply exact skeleton equations relating Π(K¯) and
Γφφφ(K¯1, K¯2, K¯3) to the fermionic propagators, the
three-point vertex Γψ¯
αψαφ(K;K ′; K¯) with two fermionic
and one bosonic external legs and the mixed four-point
vertex Γψ¯ψφφ(K;K ′; K¯1; K¯2) (see Eqs. (A1) and (A3)).
IV. TRUNCATION WITHOUT VERTEX
CORRECTIONS
In this section, we show how the known one-loop re-
sults for the self-energies can be obtained within our FRG
approach if we neglect vertex corrections. Keeping in
mind that, in the momentum-transfer cutoff scheme, we
do not introduce any cutoff in the fermionic sector, the
9FIG. 6. (Color online) (a) Graphical representation of the
FRG flow equation (4.5) for the fermionic self-energy in the
momentum-transfer cutoff scheme in the simplest approxima-
tion where the three-legged vertex is approximated by its bare
value (represented by a black dot). (b) Truncated skeleton
equation (4.4) for the bosonic self-energy.
scale-dependent fermionic propagator is
GαΛ(K) =
1
iω − ξαk − [ΣαΛ(K)− ΣαΛ(0)]
, (4.1)
where ΣαΛ(0) is the self-energy at the renormalized flow-
ing Fermi surface. The subtraction of ΣαΛ(0) is necessary
because, by assumption, we have expanded the wave vec-
tor at the renormalized Fermi surface of the underlying
model. Given the cutoff-dependent self-energy ΣΛ(K),
we may define the Fermi surface for a given value of the
cutoff parameter Λ via
kF + ΣΛ(i0,k
α
F ) = µ, (4.2)
which, for Λ → 0, reduces to the definition of the true
Fermi surface. Hence, we may write
kαF+k − µ = kαF+k − kαF − ΣΛ(i0,kαF ) = ξαk − ΣαΛ(0).
(4.3)
Following Refs. 43, 44, and 47, we now use the skele-
ton equation (A1) to determine the flowing bosonic self-
energy. Using the fact that (Γα0 )
2 = 1, the scale-
dependent bosonic self-energy is thus given by
ΠΛ(K¯) =
1
2
∫
K
∑
α,σ
GαΛ(K)
[
GαΛ(K + K¯) +G
α
Λ(K − K¯)
]
,
(4.4)
while the fermionic self-energy satisfies the FRG flow
equation
∂ΛΣ
α
Λ(K) =
∫
K¯
F˙Λ(K¯)G
α
Λ(K¯ +K). (4.5)
A graphical representation of Eqs. (4.4) and (4.5) is
shown in Fig. 6. Actually, the integral on the right-hand
side of Eq. (4.5) is ultraviolet divergent for our model,
but since we do not keep track of the shape of the renor-
malized Fermi surface, we can instead consider the sub-
tracted self-energy,
∆αΛ(K) = Σ
α
Λ(K)− ΣαΛ(0), (4.6)
which appears in our cutoff-dependent fermionic propa-
gator (4.1). The subtracted self-energy then satisfies the
FRG flow equation
∂Λ∆
α
Λ(K) =
∫
K¯
F˙Λ(K¯)
[
GαΛ(K¯ +K)−GαΛ(K¯)
]
. (4.7)
To obtain an approximate solution of this flow equa-
tion, we expand the subtracted self-energy for small mo-
menta and frequencies,
∆αΛ(K) = −(Z−1Λ − 1)iω + (Z˜−1Λ − 1)ξαk + . . . , (4.8)
where we have used the fact that the k-dependence of the
self-energy appears only in the combination ξαk . Because
the cutoff, Λ, regularizes the singularity of the bare in-
teraction, the self-energy is analytic for small momenta
and frequencies and can hence be expanded into a Taylor
series. The corresponding low-energy approximation for
the fermion propagator is
GαΛ(K) =
1
Z−1Λ iω − Z˜−1Λ ξαk
=
ZΛ
iω − (ZΛ/Z˜Λ)ξαk
. (4.9)
Substituting Eq. (4.9) into Eq. (4.4), it is convenient to
first perform the integration over k‖,29 which can be done
using the residue theorem,
ΠΛ(K¯) =
N
2
ZΛZ˜Λ
∫
dk⊥
2pi
∑
α
iα
iω¯ − (ZΛ/Z˜Λ)(αk¯‖ + k¯2⊥ + 2k¯⊥k⊥)
∫
dω
2pi
[Θ(α(ω + ω¯))−Θ(αω)] + (K¯ → −K¯).
(4.10)
The integration over ω is now trivial,
∫
dω
2pi
[Θ(α(ω + ω¯))−Θ(αω)] = αω¯
2pi
, (4.11)
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so that
ΠΛ(K¯) =
N
4pi
ZΛZ˜Λ
∫
dk⊥
2pi
∑
α
[
iω¯
iω¯ − (ZΛ/Z˜Λ)(αk¯‖ + k¯2⊥ + 2k¯⊥k⊥)
+ (K¯ → −K¯)
]
. (4.12)
Note that the k⊥ integral is still ultraviolet divergent.
Following Mross et al.,32 we regularize the divergence by
symmetrizing the integrand with respect to k⊥ ↔ −k⊥,
so that the expression in the square braces vanishes as
1/k2⊥ for large k⊥. The k⊥ integration can thus again be
done using the method of residues, with the result
ΠΛ(ω¯, k¯⊥) = bΛ
|ω¯|
|k¯⊥|
, (4.13)
where
bΛ =
N
4pi
Z˜2Λ. (4.14)
Note that this is independent of k¯‖, the mathematical
reason being that the term αk¯‖ in the denominator of
Eq. (4.12) can be eliminated by means of a simple shift of
the integration variable k⊥. We show shortly that at one-
loop level, the self-energy ΣαΛ(K) is actually independent
of k, so that Z˜Λ = 1 and Eq. (4.13) reduces to
ΠΛ(ω¯, k¯⊥) = b0
|ω¯|
|k¯⊥|
, (4.15)
where
b0 =
N
4pi
, (4.16)
in agreement with Metlitski and Sachdev.29 It should be
noted that the bosonic self-energy does not renormalize
the exponent zb which characterizes the momentum de-
pendence of the bare boson propagator.32
Next, we substitute Eq. (4.13) into our expression
(3.12) for the bosonic single-scale propagator and obtain
F˙Λ(K¯) ≈ − δ(|k¯⊥| − Λ)
r0 + c0Λzb−1 + bΛ|ω¯|/Λ . (4.17)
Substituting this expression into the FRG flow equation
(4.7) for the subtracted self-energy, we may perform all
integrations on the right-hand side and obtain
∂Λ∆
α
Λ(K) =
i sgn (ω)
pibΛ
Λ
2pi
Z˜Λ ln
[
1 +
bΛ|ω|/Λ
r0 + c0Λzb−1
]
.
(4.18)
Relating both ZΛ and Z˜Λ to flowing anomalous dimen-
sions via
ηΛ = Λ∂Λ lnZΛ, η˜Λ = Λ∂Λ ln Z˜Λ, (4.19)
the corresponding flowing “frequency” anomalous dimen-
sion ηΛ is given by
36
ηΛ = ΛZΛ lim
ω→0
∂
∂(iω)
∂Λ∆
α
Λ(iω,k = 0)
=
ΛZΛZ˜Λ
2pi2(r0 + c0Λzb−1)
. (4.20)
Keeping in mind that the right-hand side of the flow
equation (4.18) for the self-energy depends only on ω
and not on k, we conclude that Z˜Λ = 1 in this approxi-
mation, so that bΛ = b0. At the quantum critical point,
r0 = 0, our expression (4.20) for the flowing frequency
anomalous dimension hence reduces to
ηΛ =
ZΛ
2pi2c0Λzb−2
, (4.21)
so that ZΛ satisfies the flow equation
Λ∂ΛZΛ = ηΛZΛ =
Z2Λ
2pi2c0Λzb−2
. (4.22)
This differential equation can be easily integrated to give
ZΛ =
ZΛ0
1 +
ZΛ0
2pi2c0(zb−2) (Λ
2−zb − Λ2−zb0 )
. (4.23)
Assuming zb > 2, we see that, for Λ → 0, the wave-
function renormalization factor vanishes as
ZΛ ∼ 2pi2c0(zb − 2)Λzb−2, (4.24)
implying that, at the quantum critical point, the fermion
field has the frequency anomalous dimension
η = lim
Λ→0
Λ∂ lnZΛ
∂Λ
= zb − 2. (4.25)
Because, for Z˜Λ = 1, the right-hand side of Eq. (4.18)
depends on the flow parameter Λ only via the explicit Λ-
dependence shown, we can obtain the flowing subtracted
self-energy ∆αΛ(K) for all frequencies by simply integrat-
ing both sides of Eq. (4.18) over Λ,
∆αΛ(K)−∆αΛ0(K) = −
∫ Λ0
Λ
dλ ∂λ∆
α
λ(K)
= − i sgn(ω)
2pi2b0
∫ Λ0
Λ
dλλ ln
[
1 +
b0|ω|/λ
r0 + c0λzb−1
]
. (4.26)
For zb > 2, the integral is ultraviolet convergent, so that
we may take the limit Λ0 → ∞ where ∆αΛ0(K) → 0. At
the quantum critical point, r0 = 0, the dependence of the
integral on ω can be scaled out and we obtain for Λ→ 0
lim
Λ→0
∆αΛ(K) = −i sgn(ω)
a0
b0
(
b0|ω|
c0
)2/zb
, (4.27)
where
a0 =
1
2pi2zb
∫ ∞
0
dx
ln(1 + x)
x1+2/zb
=
1
4pi sin(2pi/zb)
, (4.28)
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in agreement with previous work.24,25,29–32 The corre-
sponding one-loop corrected fermion propagator is thus
Gα(K) =
1
iω − ξαk + i sgn(ω)a0b0
(
b0|ω|
c0
)2/zb
≈ 1
i sgn(ω)a0b0
(
b0|ω|
c0
)2/zb − αk‖ − k2⊥ ,(4.29)
where we have used the fact that for zb > 2 the Mat-
subara frequency iω is small compared with the contri-
bution from the self-energy at low energies. Comparing
Eq. (4.29) with the general scaling form (1.2), we con-
clude that z = zb/2 and ηψ = 0 within the one-loop
approximation. We note that this is in agreement with
the one-loop results of previous works based on the field
theoretical renormalization group.24,25,29–32
V. VERTEX CORRECTIONS
In this section, we use the hierarchy of FRG flow equa-
tions given in Sec. III to estimate the effect of vertex cor-
rections on the low-frequency behavior of the fermionic
self-energy, ΣαΛ(K). We do not attempt to calculate the
entire momentum and frequency dependence of ΣαΛ(K),
but focus on the flow of the two renormalization con-
stants ZΛ and Z˜Λ defined via the low-energy expansion
(4.8) of the flowing self-energy, and on the associated
anomalous dimensions ηΛ and η˜Λ defined via the loga-
rithmic derivatives of ZΛ and Z˜Λ with respect to the flow
parameter (see Eq. (4.19)). Note that the definition (4.9)
implies
Z−1Λ = 1− limω→0
∂ΣαΛ(iω,k = 0)
∂(iω)
, (5.1)
Z˜−1Λ = 1 + lim
k→0
∂ΣαΛ(iω = 0,k)
∂ξαk
, (5.2)
while the definition (4.19) of the flowing anomalous di-
mensions, ηΛ and η˜Λ, allows us to relate these quantities
directly to the derivative of the self-energy with respect
to the flow parameter
ηΛ = Λ∂Λ lnZΛ = ZΛΛ lim
ω→0
∂
∂(iω)
∂ΛΣ
α
Λ(iω,k = 0),
(5.3)
η˜Λ = Λ∂Λ ln Z˜Λ = −Z˜ΛΛ lim
k→0
∂
∂ξαk
∂ΛΣ
α
Λ(iω = 0,k)
= −Z˜ΛΛ lim
k→0
∂
∂(αk‖)
∂ΛΣ
α
Λ(iω = 0,k), (5.4)
where, in the last line, we have used the fact that the
momentum dependence of the self-energy appears only
in the combination ξαk = αk‖ + k
2
⊥. In the one-loop ap-
proximation, limΛ→0 η˜Λ = 0, but in this section we show
that vertex corrections lead to a finite value of this limit.
In Sec. V D we further show that limΛ→0 η˜Λ can be iden-
tified with the anomalous dimension ηψ of the fermion
field defined via Eq. (1.2); moreover we show how to ex-
press the fermionic dynamic exponent z in terms of ηΛ
and η˜Λ.
A. Truncated flow equations and skeleton
equations
Using the momentum-transfer cutoff scheme in combi-
nation with the truncation strategy discussed in the third
paragraph of Sec. III, we obtain the fermionic self-energy
from
∂ΛΣ
α(K) =
∫
K¯
F˙ (K¯)Gα(K + K¯)Γψ¯
αψαφ(K + K¯;K; K¯)Γψ¯
αψαφ(K;K + K¯;−K¯), (5.5)
where the three-point vertex with one bosonic and two fermionic legs is determined by
∂ΛΓ
ψ¯αψαφ(K + K¯;K; K¯) = (Γα0 )
3
∫
K¯′
F˙ (K¯ ′)Gα(K + K¯ ′)Gα(K + K¯ + K¯ ′)
−(Γα0 )2
∫
K¯′
F˙ (K¯ ′)F (K¯ + K¯ ′)
[
Gα(K + K¯ + K¯ ′) +Gα(K − K¯ ′)]Γφφφ(K¯, K¯ ′,−K¯ − K¯ ′). (5.6)
Eq. (5.5) can be obtained from the more general flow
equation (3.5) by simply omitting the contribution in-
volving the fermionic single-scale propagator, while in
Eq. (5.6) we have, in addition, replaced the flowing ver-
tices Γψ¯
αψαφ(K+ K¯;K; K¯) on the right-hand side of the
flow equation by their bare values. The purely bosonic
three-legged vertex in the second line of Eq. (5.6) is ap-
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FIG. 7. (Color online) (a) Graphical representation of the
FRG flow equation (5.5) for the fermionic self-energy in the
momentum-transfer cutoff scheme. This flow equation can
be obtained from the more general flow equation (3.5) by
omitting the contribution involving the fermionic single-scale
propagator. (b) Truncated flow equation for the three-legged
vertex Γψ¯
αψαφ(K + K¯;K; K¯) in the momentum-transfer cut-
off scheme, which can be obtained from the more general flow
equation (3.13) shown in Fig. 4 by neglecting the contribution
from the fermionic single-scale propagator and approximating
the vertices Γψ¯
αψαφ(K + K¯;K; K¯) on the right-hand side by
the bare vertices. (c) Graphical representation of the approxi-
mate expression (5.7) for the bosonic three-legged vertex used
in our calculation. Note that this expression can be obtained
from the exact skeleton equation (A3) derived in Appendix A
by neglecting the irreducible four-point vertex and then mak-
ing the same approximations as in (b).
proximated by
Γφφφ(K¯1, K¯2,−K¯1 − K¯2) = N
∑
α
(Γα0 )
3
×
[∫
K
Gα(K)Gα(K + K¯1)G
α(K + K¯1 + K¯2)
+
∫
K
Gα(K)Gα(K + K¯1)G
α(K − K¯2)
]
, (5.7)
which is derived from the exact skeleton equation by
making the same approximations as in the derivation
of Eqs. (5.5) and (5.6). A graphical representation of
Eqs. (5.5)–(5.7) is shown in Fig. 7. To obtain the cor-
rections to the one-loop approximation, it is sufficient to
approximate all propagators in Eqs. (5.5)–(5.7) by the
one-loop results given in Sec. IV, i.e., we approximate on
the right-hand sides
GαΛ(K) =
ZΛ
iω − ZΛξαk
, (5.8)
FΛ(K¯) =
Θ(|k¯⊥| − Λ)
r0 + c0|k¯⊥|zb−1 + Θ(|k¯⊥| − Λ)b0|ω¯|/|k¯⊥|
, (5.9)
F˙Λ(K¯) = − δ(|k¯⊥| − Λ)
r0 + c0Λzb−1 + b0|ω¯|/Λ . (5.10)
Here, ZΛ is the one-loop result for the flowing wave-
function renormalization factor given in Eq. (4.23) and
we have used the fact that Z˜Λ = 1 within the one-loop ap-
proximation. We thus arrive at a system of flow equations
for the momentum- and frequency-dependent two-point
and three-point functions. Having determined the right-
hand side of the flow equation (5.5) for the self-energy,
we can substitute the result into Eqs. (5.3) and (5.4) and
obtain for the flowing anomalous dimension related to
the frequency dependence of the self-energy
ηΛ = ZΛΛ lim
K→0
∂
∂(iω)
∫
K¯
F˙Λ(K¯)[G
α
Λ(K¯ +K)−GαΛ(K¯)]
×[Γψ¯αψαφΛ (K¯; 0; K¯)]2
+ 2ZΛΛ
∫
K¯
F˙Λ(K¯)G
α
Λ(K¯)Γ
ψ¯αψαφ
Λ (K¯; 0; K¯)
× lim
K→0
∂Γψ¯
αψαφ
Λ (K¯ +K;K; K¯)
∂(iω)
, (5.11)
and for the corresponding anomalous dimension associ-
ated with the momentum dependence of the self-energy,
η˜Λ = −Z˜ΛΛ lim
K→0
∂
∂(αk‖)
∫
K¯
F˙Λ(K¯)[G
α
Λ(K¯ +K)−GαΛ(K¯)]
×[Γψ¯αψαφΛ (K¯; 0; K¯)]2
− 2Z˜ΛΛ
∫
K¯
F˙Λ(K¯)G
α
Λ(K¯)Γ
ψ¯αψαφ
Λ (K¯; 0; K¯)
× lim
K→0
∂Γψ¯
αψαφ
Λ (K¯ +K;K; K¯)
∂(αk‖)
. (5.12)
In the first terms on the right-hand sides of these expres-
sions we have used the same regularization as in Eq. (4.7).
B. Bosonic three-legged vertex
In order to evaluate the self-energy from Eq. (5.5),
we should calculate the mixed fermion-boson vertex
Γψ¯
αψαφ(K + K¯;K; K¯) by integrating the flow equation
(5.6), which in turn depends on the purely bosonic three-
legged vertex Γφφφ(K¯1, K¯2,−K¯1− K¯2). Fortunately, the
integrations in the truncated skeleton equation (5.7) can
be carried out exactly in our model, as shown in Ap-
pendix B. The result can be written as
Γφφφ(K¯1, K¯2,−K¯1 − K¯2)
= 2!N
∑
α
(Γα0 )
3Lα3 (K¯1, K¯2,−K¯1 − K¯2), (5.13)
where the symmetrized fermion loop with three external
bosonic legs and one-loop renormalized fermionic propa-
gators is given by
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Lα3 (K¯1, K¯2,−K¯1 − K¯2) =
1
4pi
(
1
k¯⊥1
+
1
k¯⊥2
) ω¯1Θ( ω¯1k¯⊥1)+ ω¯2Θ( ω¯2k¯⊥2)− (ω¯1 + ω¯2)Θ( ω¯1+ω¯2k¯⊥1+k¯⊥2)[
k¯‖1
k¯⊥1
− k¯‖2
k¯⊥2
− iαZ ( ω¯1k¯⊥1 −
ω¯2
k¯⊥2
)
]2
− (k¯⊥1 + k¯⊥2)2
. (5.14)
Note that this function represents a rather complicated
momentum- and frequency-dependent effective interac-
tion between the bosonic fluctuations, mediated by the
fermions. Obviously, this function cannot simply be ap-
proximated by a constant, which is assumed to be pos-
sible in the Hertz-Millis approach to quantum critical
phenomena.10,11
C. Three-legged boson-fermion vertex
We have now calculated all functions appearing on the
right-hand side of the FRG flow equation (5.6) for the
three-legged vertex with one bosonic and two fermionic
external legs, so that we may next integrate this equation
over the flow parameter Λ. Let us begin by evaluating
the first term on the right-hand side of Eq. (5.6),
∂ΛΓ
ψ¯αψαφ(K + K¯;K; K¯)(1) = (Γα0 )
3
∫
K¯′
F˙ (K¯ ′)
×Gα(K + K¯ ′)Gα(K + K¯ + K¯ ′), (5.15)
corresponding to the first diagram on the right-hand side
of Fig. 7 (b). The integrations in Eq. (5.15) can be ex-
plicitly carried out, with the result
Λ∂ΛΓ
ψ¯αψαφ(K + K¯;K; K¯)(1) = − (Γ
α
0 )
3
(2pi)2
ZΛ
b0
[
Λ2
iω¯ − ZΛ[αk¯‖ + k¯2⊥ + 2k¯⊥(k⊥ + Λ)]
+ (Λ→ −Λ)
]
×
[
i sgn(ω + ω¯) ln
(
1 +
b0|ω + ω¯|
r0Λ + c0Λzb
)
− i sgn(ω) ln
(
1 +
b0|ω|
r0Λ + c0Λzb
)]
. (5.16)
For the evaluation of the flowing anomalous dimen-
sions in Eqs. (5.11) and (5.12), we need only the
vertex Γψ¯
αψαφ(K¯; 0; K¯) at vanishing fermionic energy-
momentum, as well as the derivatives of Γψ¯
αψαφ(K¯ +
K;K; K¯) with respect to the components of K at K = 0.
From Eq. (5.16), we see that the contribution of the first
diagram in Fig. 7 (b) to the flow of these quantities can
be written as
Λ∂ΛΓ
ψ¯αψαφ(K¯; 0; K¯)(1) = −I(1)Λ
(
ω¯
Λzb
,
k¯‖
Λ2
,
k¯⊥
Λ
)
, (5.17)
Λ∂Λ
∂Γψ¯
αψαφ(K¯;K; K¯)(1)
∂(iω)
∣∣∣∣∣
K=0
= − 1
Λzb
I
(1ω)
Λ
(
ω¯
Λzb
,
k¯‖
Λ2
,
k¯⊥
Λ
)
, (5.18)
Λ∂Λ
∂Γψ¯
αψαφ(K¯;K; K¯)(1)
∂(αk‖)
∣∣∣∣∣
K=0
= 0, (5.19)
where we have defined the dimensionless scaling functions
I
(1)
Λ (¯, q¯‖, q¯⊥) =
γΛ
(2pi)2b0
i sgn(¯) ln
(
1 +
b0|¯|
rΛ + c0
)
×
[
1
i¯− γΛ[αq¯‖ + q¯2⊥ + 2q¯⊥]
+ (q¯⊥ → −q¯⊥)
]
, (5.20)
and
I
(1ω)
Λ (¯, q¯‖, q¯⊥) = −
γΛ
(2pi)2(rΛ + c0)2
b0
1 + b0rΛ+c0 |¯|
×
[ |¯|
i¯− γΛ[αq¯‖ + q¯2⊥ + 2q¯⊥]
+ (q¯⊥ → −q¯⊥)
]
. (5.21)
Here, rΛ = r0Λ
1−zb vanishes at the quantum critical
point, and we have introduced the dimensionless param-
eter
γΛ =
ZΛ
Λzb−2
=
2pi2c0(zb − 2)
1− Λzb−2[ 2pi2c0(zb−2)ZΛ0 − Λ2−zb0 ] , (5.22)
which approaches the limit 2pi2c0(zb− 2) ∝ N(zb− 2) for
Λ→ 0.
Next, consider the contribution of the last two dia-
grams on the right-hand side of Fig. 7 (b) to the flow of
the three-legged boson-fermion vertex, corresponding to
the second line in Eq. (5.6),
14
∂ΛΓ
ψ¯αψαφ(K + K¯;K; K¯)(2) = −(Γα0 )2
∫
K¯′
F˙ (K¯ ′)F (K¯ + K¯ ′)
[
Gα(K + K¯ + K¯ ′) +Gα(K − K¯ ′)]
×Γφφφ(K¯, K¯ ′,−K¯ − K¯ ′). (5.23)
Due to the rather complicated form of the vertex Γφφφ(K¯, K¯ ′,−K¯−K¯ ′) given in Eqs. (5.13) and (5.14), the evaluation
of the right-hand side of Eq. (5.23) is quite involved. The k¯′‖ integration can still be performed by means of the
residue theorem, while the k¯′⊥ integration is trivial due to the δ-function in the single-scale propagator. After these
integrations, we obtain
∂ΛΓ
ψ¯αψαφ(K + K¯;K; K¯)(2) = −iαNΛ2 (Γ
α
0 )
2
(2pi)2
∫ ∞
−∞
dω¯′
2pi
1
r0 + c0Λzb−1 + b0|ω¯′|/Λ
×
∑
s=±
F (ω¯ + ω¯′, k¯⊥ + sΛ)J(ω¯, k¯⊥, ω¯′, sΛ)
∑
α′=±
(Γα
′
0 )
3
[
Θ(Im(z1))−Θ(Im(z3))
(z1 − z3)2 − z24
− Θ(Im(z2))−Θ(Im(z3))
(z2 − z3)2 − z24
]
, (5.24)
where
J(ω¯, k¯⊥, ω¯′, k¯′⊥) =
(
1
k¯⊥
+
1
k¯′⊥
)[
ω¯Θ
(
ω¯
k¯⊥
)
+ ω¯′Θ
(
ω¯′
k¯′⊥
)
− (ω¯ + ω¯′)Θ
(
ω¯ + ω¯′
k¯⊥ + k¯′⊥
)]
, (5.25)
and
z1 = −(k‖ + k¯‖)− α[Λ + s(k⊥ + k¯⊥)]2
+
iω¯′ + iω¯ + iω
ZΛ
, (5.26a)
z2 = k‖ + α(Λ− sk⊥)2 + αiω¯
′ − iω
ZΛ
, (5.26b)
z3 = Λ
[
k¯‖
sk¯⊥
− α
′
ZΛ
(
iω¯
sk¯⊥
− iω¯
′
Λ
)]
, (5.26c)
z4 = Λ(Λ + sk¯⊥). (5.26d)
For the calculation of ηΛ and η˜Λ in Eqs. (5.11) and (5.12)
we, again, need only the vertex Γψ¯
αψαφ(K¯; 0; K¯) and the
derivatives of Γψ¯
αψαφ(K¯ +K;K; K¯) with respect to the
components of the fermionic label K at K = 0. In anal-
ogy with Eqs. (5.17)–(5.19), we therefore define
Λ∂ΛΓ
ψ¯αψαφ(K¯; 0; K¯)(2) = −I(2)Λ
(
ω¯
Λzb
,
k¯‖
Λ2
,
k¯⊥
Λ
)
, (5.27)
Λ∂Λ
∂Γψ¯
αψαφ(K¯;K; K¯)(2)
∂(iω)
∣∣∣∣∣
K=0
= − 1
Λzb
I
(2ω)
Λ
(
ω¯
Λzb
,
k¯‖
Λ2
,
k¯⊥
Λ
)
, (5.28)
Λ∂Λ
∂Γψ¯
αψαφ(K¯;K; K¯)(2)
∂(αk‖)
∣∣∣∣∣
K=0
= − 1
Λ2
I
(2k)
Λ
(
ω¯
Λzb
,
k¯‖
Λ2
,
k¯⊥
Λ
)
. (5.29)
From now on we focus on the Ising-nematic instabil-
ity and explicitly set Γα0 = 1. In principle, the functions
I
(2)
Λ (¯, q¯‖, q¯⊥), I
(2ω)
Λ (¯, q¯‖, q¯⊥), and I
(2k)
Λ (¯, q¯‖, q¯⊥) can be
calculated analytically by performing the remaining fre-
quency integration in Eq. (5.24). However, the result is
rather cumbersome and not very transparent. To sim-
plify the calculation, let us assume that the arguments
¯, q¯‖, and q¯⊥ of these functions are all small compared
with unity. Then the resulting expressions simplify and
we obtain the approximate expressions
I
(2)
Λ (¯, q¯‖, q¯⊥) ≈
γΛ|¯|N
2(2pi)3(rΛ + c0)2
[
1
|q¯⊥| − w
− |q¯⊥|
(|q¯⊥| − w)2 ln
( |q¯⊥|
w
)]
, (5.30)
I
(2ω)
Λ (¯, q¯‖, q¯⊥) ≈
γΛN
(2pi)3(rΛ + c0)2
[
αγΛq¯‖|¯|
¯2 + γ2Λq¯
2
‖
−i sgn(¯)|q¯⊥|
¯2(¯2 − γ2Λq¯2‖)
(¯2 + γ2Λq¯
2
‖)
2
]
, (5.31)
I
(2k)
Λ (¯, q¯‖, q¯⊥) ≈
i sgn(¯)γ2Λ|q¯⊥|N
(2pi)3(rΛ + c0)2
¯2(¯2 − γ2Λq¯2‖)
(¯2 + γ2Λq¯
2
‖)
2
, (5.32)
where, in Eq. (5.30), the complex quantity w is defined
by
w =
b0
2(rΛ + c0)
(|¯| − iαγΛq¯‖sgn(¯)) . (5.33)
Let us now combine the contributions from all three
diagrams on the right-hand side of Fig. 7 (b). To be con-
sistent with the approximations made in the derivation of
Eqs. (5.30)–(5.32), we should also expand the right-hand
sides of I
(1)
Λ (¯, q¯‖, q¯⊥) and I
(1ω)
Λ (¯, q¯‖, q¯⊥) in Eqs. (5.20)
and (5.21) for small ¯. We therefore define
15
IΛ(¯, q¯‖, q¯⊥) = I
(1)
Λ (¯, q¯‖, q¯⊥) + I
(2)
Λ (¯, q¯‖, q¯⊥)
=
γΛ
(2pi)2(rΛ + c0)
{
i¯
i¯− γΛ[αq¯‖ + q¯2⊥ + 2q¯⊥]
+
i¯
i¯− γΛ[αq¯‖ + q¯2⊥ − 2q¯⊥]
+
N
4pi(rΛ + c0)
[
|¯|
|q¯⊥| − w −
|q¯⊥||¯|
(|q¯⊥| − w)2 ln
( |q¯⊥|
w
)]}
, (5.34a)
I
(ω)
Λ (¯, q¯‖, q¯⊥) = I
(1ω)
Λ (¯, q¯‖, q¯⊥) + I
(2ω)
Λ (¯, q¯‖, q¯⊥)
=
γΛbΛ
(2pi)2(rΛ + c0)2
{
− |¯|
i¯− γΛ[αq¯‖ + q¯2⊥ + 2q¯⊥]
− |¯|
i¯− γΛ[αq¯‖ + q¯2⊥ − 2q¯⊥]
+
N
2pibΛ
[
αγΛq¯‖|¯|
¯2 + γ2Λq¯
2
‖
− |q¯⊥|
i¯|¯|(¯2 − γ2Λq¯2‖)
(¯2 + γ2Λq¯
2
‖)
2
]}
, (5.34b)
I
(k)
Λ (¯, q¯‖, q¯⊥) = I
(2k)
Λ (¯, q¯‖, q¯⊥) =
γ2Λ|q¯⊥|N
(2pi)3(rΛ + c0)2
i¯|¯|(¯2 − γ2Λq¯2‖)
(¯2 + γ2Λq¯
2
‖)
2
. (5.34c)
Finally, we integrate over the flow parameter Λ, and ob-
tain the following expressions for the three-legged boson-
fermion vertex,
Γψ¯
αψαφ(K¯; 0; K¯) = Γ˜Λ(¯, q¯‖, q¯⊥), (5.35a)
∂Γψ¯
αψαφ(K¯;K; K¯)
∂(iω)
∣∣∣∣∣
K=0
=
1
Λzb
Γ˜ωΛ(¯, q¯‖, q¯⊥), (5.35b)
∂Γψ¯
αψαφ(K¯;K; K¯)
∂(αk‖)
∣∣∣∣∣
K=0
=
1
Λ2
Γ˜kΛ(¯, q¯‖, q¯⊥), (5.35c)
where
Γ˜Λ(¯, q¯‖, q¯⊥) = 1 +
∫ 1
Λ/Λ0
ds
s
IΛ/s
(
szb ¯, s2q¯‖, sq¯⊥
)
,
(5.36a)
Γ˜ωΛ(¯, q¯‖, q¯⊥) =
∫ 1
Λ/Λ0
ds szb−1IωΛ/s
(
szb ¯, s2q¯‖, sq¯⊥
)
,
(5.36b)
Γ˜kΛ(¯, q¯‖, q¯⊥) =
∫ 1
Λ/Λ0
ds sIkΛ/s
(
szb ¯, s2q¯‖, sq¯⊥
)
. (5.36c)
Recall that in deriving these expressions we have assumed
that |¯| . 1.
D. Fermionic anomalous dimension and dynamic
exponent
We are now ready to calculate the anomalous dimen-
sions η = limΛ→0 ηΛ and η˜ = limΛ→0 η˜Λ at the quan-
tum critical point. We therefore substitute Eqs. (5.35a)–
(5.35c) into our general relations (5.11) and (5.12) for the
flowing anomalous dimensions ηΛ and η˜Λ and, introduc-
ing the integration variables p = γΛαq¯‖ and y = ¯, we
obtain for the flowing anomalous dimension associated
with the frequency dependence of the self-energy,
ηΛ = −γΛ
2pi
lim
ω→0
∂
∂(iω)
∫ λ0
−λ0
dy
2pi
∫ ∞
−∞
dp
2pi
[
1
rΛ + c0 + b0|y|
] [
1
iy + iω − p− γΛ −
1
iy − p− γΛ
] [
Γ˜Λ
(
y,
p
αγΛ
, 1
)]2
−γΛ
pi
∫ λ0
−λ0
dy
2pi
∫ ∞
−∞
dp
2pi
[
1
rΛ + c0 + b0|y|
] [
1
iy − p− γΛ
]
Γ˜Λ
(
y,
p
αγΛ
, 1
)
Γ˜ωΛ
(
y,
p
αγΛ
, 1
)
, (5.37)
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and for the corresponding anomalous dimension associated with the momentum dependence of the self-energy,
η˜Λ =
γΛ
2pi
lim
k→0
∂
∂k
∫ λ0
−λ0
dy
2pi
∫ ∞
−∞
dp
2pi
[
1
rΛ + c0 + b0|y|
] [
1
iy − p− k − γΛ −
1
iy − p− γΛ
] [
Γ˜Λ
(
y,
p
αγΛ
, 1
)]2
+
1
pi
∫ λ0
−λ0
dy
2pi
∫ ∞
−∞
dp
2pi
[
1
rΛ + c0 + b0|y|
] [
1
iy − p− γΛ
]
Γ˜Λ
(
y,
p
αγΛ
, 1
)
Γ˜kΛ
(
y,
p
αγΛ
, 1
)
. (5.38)
Here, λ0 is an ultraviolet cutoff of the order of unity which takes into account that our expressions (5.34a)–(5.34c)
which we use to calculate the vertices in Eqs. (5.36a)–(5.36c) are only valid for small frequencies.
Consider now the limit Λ → 0. At the quantum critical point we may then set rΛ → 0. For simplicity, we also
set c0 = b0 = N/(4pi). To make progress analytically, let us further assume that the parameter γ = limΛ→0 γΛ =
2pi2c0(zb−2) = pi2N(zb−2) is small compared with unity. To leading order in zb−2 the s-integrations in Eqs. (5.36a)–
(5.36c) can then be carried out analytically, with the result
lim
Λ→0
Γ˜Λ
(
y,
p
αγΛ
, 1
)
= 1 +
γ
(2pi)2c0
{
iy
iy − p− γ ln
[
1−
( iy − p− γ
2γ
)2]
− iyN
2pic0
[
ln
[ 2i sgn(y)
iy+p
]
2i sgn(y)− (iy + p) + 2
ln
[
1− iy+p2i sgn(y)
]
iy + p
]}
, (5.39)
lim
Λ→0
Γ˜ωΛ
(
y,
p
αγΛ
, 1
)
=
γ
(2pi)2c0
{
− |y|
iy − p +
N
2pic0
[ |y|p
y2 + p2
− iy|y|(y
2 − p2)
3(y2 + p2)2
]}
, (5.40)
lim
Λ→0
Γ˜kΛ
(
y,
p
αγΛ
, 1
)
=
γ2N
(2pi)3c20
iy|y|(y2 − p2)
3(y2 + p2)2
. (5.41)
Note that these vertex functions describe the renormal-
ized effective interaction between two fermions and one
boson; clearly, this interaction has a rather complicated
dependence on momenta and frequencies and cannot
be approximated by a constant. If we now substitute
Eqs. (5.39)–(5.41) into Eqs. (5.37) and (5.38), we may
perform the p-integration analytically by means of the
method of residues. Note that the first term in the curly
braces of Eq. (5.39) and the first term in the curly braces
of Eq. (5.40) do not contribute to the integrals, because
we may close the integration contour in a half plane where
the integrand is analytic. These terms arise from the first
diagram on the right-hand side of Fig. 7 (b), so that the
three-boson vertex is crucial to obtain the leading cor-
rections to the anomalous dimensions. We finally arrive
at the following estimates for the anomalous dimensions
at the nematic quantum critical point,
η = zb − 2 + (zb − 2)
2
2
C(λ0) +O((zb − 2)3), (5.42)
η˜ =
(zb − 2)2
2
C˜(λ0) +O((zb − 2)3), (5.43)
where the cutoff functions are given by
C(λ0) =
∫ λ0
0
dy
1 + y
[
7
6
+
1
1− y +
y ln y
(1− y)2
]
,(5.44)
C˜(λ0) =
∫ λ0
0
dy
1 + y
[
1
6
+
1
1− y +
y ln y
(1− y)2
]
= C(λ0)− ln(1 + λ0). (5.45)
A plot of the cutoff functions is shown in Fig. 8. Note
FIG. 8. (Color online) Plot of the cutoff functions C(λ0) and
C˜(λ0) defined in Eqs. (5.44) and (5.45).
that these functions depend logarithmically on the ultra-
violet cutoff, λ0. This is due to the fact that we have
assumed that the rescaled frequencies and momenta in
Eqs. (5.30)–(5.32) are small compared with unity in the
evaluation of the vertex-correction diagrams shown in
Fig. 7 (b). By retaining the full momentum- and fre-
quency dependence on the right-hand side of the flow
equation (5.24), one obtains ultraviolet convergent re-
sults from our FRG approach. However, as the cutoff
dependence in our final result, Eqs. (5.42) and (5.43), is
only logarithmic, we have not attempted to carry out this
calculation which requires substantial numerical effort.
Instead, we make the reasonable cutoff choice λ0 = 1
and find, within the accuracy of our calculation, that
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C ≈ 1.27 and C˜ ≈ 0.58.
Given our result for the anomalous dimensions η and η˜,
we may relate these to the anomalous dimension ηψ of the
fermion field and the fermionic dynamic exponent, z. Let
us therefore recall that, at the quantum critical point, the
retarded single-particle Green function assumes for small
frequencies and momenta the following scaling form,
Gα(ω+ i0+,k) ∝ 1[
Aω sgn(ω)|ω|1/z − ξαk
]1−ηψ/2 , (5.46)
where Aω is some dimensionful constant with positive
imaginary part and real part depending on the sign of ω,
see Eq. (1.2). For ω = k⊥ = 0, this implies
Gα(i0+, k‖, 0) ∝ k−1+ηψ/2‖ . (5.47)
On the other hand, from the definition of η˜Λ in Eq. (4.19)
we see that Z˜Λ ∝ Λη˜ ∝ kη˜/2‖ , where we have used the fact
that k‖ scales as Λ2. Hence,
Gα(i0+, k‖, 0) ∝ Z˜Λ/k‖ ∝ k−1+η˜/2‖ . (5.48)
Comparing this with Eq. (5.47), we conclude that
ηψ = η˜. (5.49)
Next, setting k = 0 in Eq. (5.46), we find
Gα(ω + i0+, 0) ∝ ω−(1−ηψ/2)/z. (5.50)
On the other hand, from the definition of ηΛ in Eq. (4.19)
we infer that ZΛ ∝ Λη ∝ ωη/(2z) (using the fact that ω
scales as Λ2z), so that
Gα(0, ω + i0+) ∝ ZΛ/ω ∝ ω−(1−η/(2z)). (5.51)
Comparing this with Eq. (5.50), we see that 1−η/(2z) =
(1− ηψ/2)/z, or
z = 1 +
η − η˜
2
. (5.52)
Writing Eq. (5.42) as η = zb − 2 + δη with
δη =
(zb − 2)2
2
C(λ0) +O((zb − 2)3), (5.53)
we see that Eq. (5.52) can also be written as
z =
zb
2
+
δη − η˜
2
=
zb
2
+
(zb − 2)2
4
[
C(λ0)− C˜(λ0)
]
+O((zb − 2)3).
(5.54)
According to the above calculation, the scaling relation
z = zb/2 for the fermionic dynamic exponent acquires
a correction of order (zb − 2)2, such that the effective
theory appears to have two different time scales. How-
ever, according to Metlitski and Sachdev,29 the strong
correlations imply that z = zb/2 should be satisfied ex-
actly. This discrepancy might be due to the fact that
our truncation of the FRG flow equations introduces ap-
proximations which violate the general scaling theory.
In fact, this seems to be true also in the case of the
loop expansion. In the previous works of Metlitski and
Sachdev29 and Mross et al.,32 the three-loop correction
to the fermionic anomalous dimension ηψ is calculated
via the momentum dependence of the self-energy, and
according to scaling theory it is argued that a corre-
sponding correction should appear if one calculates ηψ via
the frequency dependence of the self-energy. However, as
pointed out in Ref. 31, the correction in the frequency de-
pendence of the self-energy (the term δη in our notation)
appears only beyond the three-loop order. The FRG is
not based on an expansion in powers of loops, so that dia-
grams beyond three loops are included in our truncation.
VI. SUMMARY AND CONCLUSIONS
In this work, we have used a functional renormalization
group approach to calculate the anomalous dimension ηψ
of the fermion field and the fermionic dynamic exponent
z of an effective low-energy field theory describing the
Ising-nematic quantum critical point in two-dimensional
metals. In the limit N(zb − 2)  1 (where N is the
number of fermion flavors and zb is the bosonic dynamic
exponent), we have been able to explicitly calculate the
fermionic anomalous dimension ηψ of the system, with
the result
ηψ ≈ 0.3 (zb − 2)2 +O((zb − 2)3). (6.1)
If we extrapolate this expression to the physically rele-
vant case, zb = 3, we obtain ηψ ≈ 0.3, which is larger
than the estimate ηψ ≈ 0.068 given by Metlitski and
Sachdev,29 but still smaller than the estimate ηψ ≈ 0.6
obtained from an extrapolation of the corresponding ex-
pression given by Mross et al..32 Given the different types
of approximations, it is not surprising that different val-
ues for the exponent ηψ are found. This fact shows that
the recent calculations done so far are not yet fully un-
der control in the physically relevant case of zb = 3 and
N = 2. It is however reassuring that our method also
finds a finite value for ηψ. In particular, we note that in
the previous calculations based on the field-theoretical
renormalization group, the values of the exponent ηψ are
obtained within a loop-expansion truncated at the three-
loop order, while in our FRG approach the truncation
does not rely on a loop-expansion, so that a certain class
of diagrams beyond the three-loop level are effectively
re-summed to higher order within our truncation. On
the other hand, at the lowest order, namely at the one-
loop level in the field theoretical RG and neglecting the
vertex corrections in the FRG, the results obtained us-
ing the FRG and other renormalization group methods
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FIG. 9. (Color online) Exact skeleton equation relating the
bosonic self-energy to the exact fermionic propagators and
the three-legged vertex with two fermion and one boson leg,
see Eq. (A1). The black dot denotes the bare vertex with two
fermionic and one bosonic external leg given in Eq. (2.9).
all coincide with the well-known results obtained within
the RPA. Finally, in contrast to previous works,29,32
we have explicitly shown that both the frequency and
the momentum dependence of the self-energy give rise to
anomalous corrections to the one-loop result. While our
calculations in principle lead to a small correction term
to the fermionic dynamic critical exponent, z, the scal-
ing theory of Metlitski and Sachdev29 implies the exact
identity z = zb/2.
The calculations presented in this work can be ex-
tended in several directions. Because our FRG approach
does not rely on the smallness of the parameter N(zb−2),
with some numerical effort it should be possible to ex-
tract the anomalous dimension ηψ for generalN and zb−2
from Eqs. (5.37) and (5.38). In this case the vertices ap-
pearing in these expressions cannot be calculated analyt-
ically but must be represented as one-dimensional inte-
grals, so that the evaluation of the anomalous dimensions
in Eqs. (5.37) and (5.38) requires rather complicated nu-
merical integrations, which is beyond the scope of this
work. In principle our FRG flow equations also allow
us to calculate the entire frequency-dependence of the
self-energies, but this seems to be numerically even more
expensive.
In contrast to the strategy adopted in the Hertz-Millis
approach,10,11 in the present problem it is not possible to
integrate over the fermionic degrees of freedom to obtain
an effective bosonic theory with regular vertices. We have
therefore explicitly retained both bosonic and fermionic
degrees of freedom in our FRG calculation. The FRG
approach developed in this work should also be useful to
discuss other model systems where gapless fermionic and
bosonic excitations are strongly coupled.
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APPENDIX A: SKELETON EQUATIONS
In sections IV and V, we have combined FRG flow
equations with skeleton equations for the bosonic self-
energy and the bosonic three-legged vertex to obtain a
closed system of equations. In this appendix, we briefly
describe the derivation of these skeleton equations.
Skeleton equations relating vertex functions of differ-
ent order follow from the general Dyson-Schwinger equa-
tion for the generating functional for the connected Green
function, which is a simple consequence of the invariance
of the integration measure of the functional integral un-
der infinitesimal shifts. The derivation of the skeleton
equation for the bosonic self-energy of models of the type
considered in this work has been discussed in detail in
Refs. 36 and 43, so let us here only quote the result,
Π(K¯) =
∫
K
∑
α,σ
Gα(K)Gα(K + K¯)
× Γα0 Γψ¯
αψαφ(K;K + K¯;−K¯). (A1)
This exact identity is shown diagrammatically in Fig. 9.
To derive the skeleton equation for the three-boson ver-
tex, let us start from the Dyson-Schwinger equation given
in Eq. (11.27a) of Ref. 36. After taking two successive
derivatives with respect to φK¯2 and φK¯3 , we obtain
δ3Γ
δφK¯1 δφK¯2 δφK¯3
=
∑
α,σ
Γα0
∫
K
δ4Gc
δ¯αKδj
α
K+K¯1
δφK¯2δφK¯3
.
(A2)
Here, Γ[ψ¯, ψ, φ] is the generating functional of the one-
line irreducible vertices, and Gc[j¯, j, J ] is the generating
functional of the connected Green functions, and is a
functional of the sources j¯, j and J conjugate to the fields
ψ, ψ¯, and φ. We now use Eq. (6.82) of Ref. 36 and set
all external fields equal to zero. The desired skeleton
equation can then be written as
Γφφφ(K¯1, K¯2,−K¯1 − K¯2) = N
∑
α
Γα0
[∫
K
Gα(K)Gα(K + K¯1)Γ
ψ¯αψαφφ(K;K + K¯1; K¯2,−K¯1 − K¯2)
+
∫
K
Gα(K)Gα(K + K¯1)G
α(K + K¯1 + K¯2)
×Γψ¯αψαφ(K + K¯1 + K¯2;K + K¯1; K¯2)Γψ¯αψαφ(K;K + K¯1 + K¯2;−K¯1 − K¯2)
+
∫
K
Gα(K)Gα(K + K¯1)G
α(K − K¯2)Γψ¯αψαφ(K − K¯2;K + K¯1;−K¯1 − K¯2)Γψ¯αψαφ(K;K − K¯2; K¯2)
]
. (A3)
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FIG. 10. (Color online) Graph of the skeleton equation (A3) for the three-legged bosonic vertex.
A graphical representation of this equation is given in Fig. 10. Let us check a known limit of this equation. After
replacing the exact propagators Gα(K) by Gα0 (K), the exact vertices Γ
ψ¯αψαφ(K1;K2; K¯) by the bare vertices Γ
α
0 , and
neglecting the contribution involving Γψ¯
αψαφφ(K1;K2; K¯1, K¯2), we obtain from Eq. (A3)
Γφφφ0 (K¯1, K¯2,−K¯1 − K¯2) = N
∑
α
(Γα0 )
3
[∫
K
Gα0 (K)G
α
0 (K + K¯1)G
α
0 (K + K¯1 + K¯2)
+
∫
K
Gα0 (K)G
α
0 (K + K¯1)G
α
0 (K − K¯2)
]
, (A4)
which is invariant under arbitrary permutations of K¯1,
K¯2, and K¯3 = −K¯1− K¯2. In fact, in this approximation,
the bosonic three-legged vertex can be identified with the
symmetrized closed fermion loop with three external legs
and bare propagators given in Eq. (B1). As concerns
Eq. (A3), the symmetry under permutations of its argu-
ments is less obvious. However, as the left-hand side of
Eq. (A2) is symmetric under permutations, and because
all manipulations are exact, Eq. (A3) indeed fulfills this
symmetry.
To obtain the approximation for the bosonic three-loop
used in Sec. V, we adopt the same approximation strat-
egy as in the skeleton approximation used for the bosonic
self-energy: replacing the vertices Γψ¯
αψαφ(K1;K2; K¯)
and Γψ¯
αψαφφ(K1;K2; K¯1, K¯2) by the bare vertices Γ
α
0
and 0, but retaining dressed propagators Gα(K), we ar-
rive at Eqs. (5.13) and (5.14).
APPENDIX B: THE SYMMETRIZED
THREE-LOOP
In the momentum-transfer cutoff scheme, all irre-
ducible vertices involving only bosonic external legs are
finite at the initial scale and can be identified by the sym-
metrized closed fermion loops with bare fermionic prop-
agators. In particular, the initial condition for the vertex
with three external boson legs is
Γφφφ0 (K¯1, K¯2, K¯3) = 2!N
∑
α
(Γα0 )
3Lα3 (−K¯1,−K¯2,−K¯3),
(B1)
where the symmetrized three-loop Lα3 (K¯1, K¯2, K¯3) can
be expressed in terms of the non-symmetrized three-loop
L¯α3 (K¯1, K¯2, K¯3), defined by
L¯α3 (K¯1, K¯2, K¯3) =
∫
K
Gα0 (K−K¯1)Gα0 (K−K¯2)Gα0 (K−K¯3)
(B2)
as follows,
Lα3 (K¯1, K¯2, K¯3)
=
1
3!
[
L¯α3 (K¯1, K¯1 + K¯2, 0) + L¯
α
3 (K¯2, K¯1 + K¯2, 0)
+L¯α3 (K¯2, K¯2 + K¯3, 0) + L¯
α
3 (K¯3, K¯2 + K¯3, 0)
+L¯α3 (K¯3, K¯3 + K¯1, 0) + L¯
α
3 (K¯1, K¯3 + K¯1, 0)
]
. (B3)
Actually, taking into account energy-momentum conser-
vation, we may set K¯3 = −K¯1 − K¯2, so that we need
Lα3 (K¯1, K¯2,−K¯1 − K¯2)
=
1
3!
[
L¯α3 (K¯1, K¯1 + K¯2, 0) + L¯
α
3 (−K¯1,−K¯1 − K¯2, 0)
+L¯α3 (K¯2, K¯1 + K¯2, 0) + L¯
α
3 (−K¯2,−K¯1 − K¯2, 0)
+L¯α3 (K¯1,−K¯2, 0) + L¯α3 (−K¯1, K¯2, 0)
]
. (B4)
For our model, the three-loops can be calculated ana-
lytically using the method outlined in the appendix of
Ref. 48. Consider first the non-symmetrized three-loop
defined in Eq. (B2). To perform the loop integration,
we decompose the integrand in partial fractions, then
carry out the k‖ integration by means of the method of
residues, and finally perform the ω-integration. Using
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the notation K¯i = (iω¯i, k¯i), the result can be written as
L¯α3 (K¯1, K¯2, K¯3) =
1
2pi
∫
dk⊥
2pi
3∑
i=1
iω¯i
3∏
j=1
j 6=i
1
Ωαij(k⊥)
=
1
2pi
∫
dk⊥
2pi
[
iω¯1
Ωα12(k⊥)Ω
α
13(k⊥)
+
iω¯2
Ωα23(k⊥)Ω
α
21(k⊥)
+
iω¯3
Ωα31(k⊥)Ω
α
32(k⊥)
]
, (B5)
where we have defined
Ωαij(k⊥) = iω¯i − iω¯j + ξαk−k¯i − ξαk−k¯j
= iωij − α(k¯‖i − k¯‖j) + (k¯2⊥i − k¯2⊥j)− 2qijk⊥
= −2qij [k⊥ − kij ], (B6)
with
ωij = ω¯i − ω¯j , qij = k¯⊥i − k¯⊥j , (B7a)
kij =
k¯⊥i + k¯⊥j
2
+
iωij − α(k¯‖i − k¯‖j)
2qij
. (B7b)
The remaining k⊥-integration in Eq. (B5) can now be
done using the residue theorem and we finally obtain
L¯α3 (K¯1, K¯2, K¯3) = −
1
8pi
[
ω¯1
q12q13
Θ(Im(k12))−Θ(Im(k13))
k12 − k13
+
ω¯2
q23q21
Θ(Im(k23))−Θ(Im(k21))
k23 − k21
+
ω¯3
q31q32
Θ(Im(k31))−Θ(Im(k32))
k31 − k32
]
.(B8)
Substituting this expression into Eq. (B4) and defining
xi =
ω¯i
k¯⊥i
, si =
k¯⊥i
k¯⊥1 + k¯⊥2
, (B9)
we obtain for the symmetrized three-loop,
Lα3 (K¯1, K¯2,−K¯1 − K¯2) =
1
3!2pi
1
s1s2
[
k¯‖1
k¯⊥1
− k¯‖2
k¯⊥2
− iα(x1 − x2)
]2
− k¯⊥1k¯⊥2
[(
s1|x1|+ s2|x2|
)
Θ(−x1x2)
+
(
s1|x1| − |s1x1 + s2x2|
)
Θ(−x1(s1x1 + s2x2)) +
(
s2|x2| − |s1x1 + s2x2|
)
Θ(−x2(s1x1 + s2x2))
]
. (B10)
Alternatively, this expression can be written as
Lα3 (K¯1, K¯2,−K¯1 − K¯2) =
1
3!2pi
1
s1s2
[
k¯‖1
k¯⊥1
− k¯‖2
k¯⊥2
− iα(x1 − x2)
]2
− k¯⊥1k¯⊥2
[(
s1x1 − s2x2
)
[Θ(x1)−Θ(x2)]
+
(
2s1x1 + s2x2
)
[Θ(x1)−Θ(s1x1 + s2x2)] +
(
2s2x2 + s1x1
)
[Θ(x2)−Θ(s1x1 + s2x2)]
]
=
1
4pi
s1x1Θ(x1) + s2x2Θ(x2)− (s1x1 + s2x2)Θ(s1x1 + s2x2)
s1s2
[
k¯‖1
k¯⊥1
− k¯‖2
k¯⊥2
− iα(x1 − x2)
]2
− k¯⊥1k¯⊥2
=
1
4pi
(
1
k¯⊥1
+
1
k¯⊥2
) ω¯1Θ( ω¯1k¯⊥1)+ ω¯2Θ( ω¯2k¯⊥2)− (ω¯1 + ω¯2)Θ( ω¯1+ω¯2k¯⊥1+k¯⊥2)[
k¯‖1
k¯⊥1
− k¯‖2
k¯⊥2
− iα( ω¯1
k¯⊥1
− ω¯2
k¯⊥2
)
]2
− (k¯⊥1 + k¯⊥2)2
. (B11)
For a different effective model for the nematic quan-
tum critical point involving a quadratic energy dispersion
(and hence a compact Fermi surface) the scaling prop-
erties of fermion loops have recently been analyzed by
Thier and Metzner49, who found that also in this case the
fermion loops exhibit a singular dependence on momenta
and frequencies. However, to obtain consistent scaling
properties of the effective interactions between bosonic
fluctuations described by the fermion loops, one should
use one-loop renormalized fermion propagators Gα(K) =
Z
iω−Zξαk in the loop integrations, which can be formally
justified from the skeleton equation for the irreducible
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vertex with three external bosonic legs, as discussed in
Appendix A. The corresponding expression for the renor-
malized three-loop can be obtained from Eq. (B11) by
replacing all external frequencies by ω¯ → ω¯/Z and mul-
tiplying the loop by an overall factor of Z. The result is
given in Eq. (5.14).
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